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Fig. 1 Geometry of the plate Fig. 2 Geometry of the plate

Now Eq. (4) takes the form

ff (Vo4/ - \*f)f(x,y)dx dy = 0

In polar coordinates, Eq. (8) can be put as

ff (Vi4!A ~ A W(r,0)r dr dd = 0

(8)

(9)

where Vi4 can be obtained from Vo4 by means of the relations
x = r cos0, y = r sin0, and ^(r,0) is a function satisfying the
boundary conditions. For a circular plate, if/ is independent
of 6, and so Eq. (9) becomes

Cc f
Jo rdr = 0 (10)

where X2 can be determined from Eq. (8) or (10), as the case
may be, by choosing f(x,y) or \^(r) suitably.

Rectangular Plates
Case 1

For a plate (Fig. 1) simply supported on all its sides, f(x,y)
for the fundamental mode is given by

f(x,y) = Ai sm(7rx/a) sm(iry/b) (11)

On substituting in Eq. (8),

A2 = 7r4[(£x/a4) + (2#/W) + (ZV&4)] (12)

a well-known result.2' 3

Case 2
For a plate simply supported along y = 0, y = b and

clamped along x = 0, x = a,

f(x,y) = A, [sin(7n//&)] x\x - a)2 (13)

and
X2 = 504(A;/a4) + (247r2#/a2&2) + (ir*Dy/b*) (14)

as against almost the same value given in Ref. 2.

Case 3
For a plate clamped along its sides,

f(x,y) = Azx*(x - a)2 y\y - 6)2 (15)

X2 = 504(IVa4) + 288(#/a2&2) + 504(ZV&4) (16)

and this same value was obtained in Ref. 2. by another
method.

Circular Plates
Casel

For a plate clamped along its boundary (Fig. 2),

0(r) = A±[l - 2(r2/c2) + (r4/c4)] (17)

X2 = (40/cm + (2ff/3) + Dy] (18)
For isotropy in this case, X2 = 106.7D/C4, comparing well with
the exact value X2 = 104.2 D/c4 of Ref. 4.

Case 2
For a plate simply supported along its boundary,

Taking v = 0.3, Eq. (10) gives

A2 = (1/c4) [9.24D, + 5.62# + 9.24Z),] (20)

which in the case of isotropy becomes X2 = 24.1 D/c4, almost
coinciding with the exact value X2 = 23.60 D/c4 reported in
Ref. 4.
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Computation of Kinetic Constants
from Single-Pnlse Shock Tube Data
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Pennsylvania State University, University Park, Pa.

Nomenclature
A = concentration of reactant, moles per unit volume
c = concentration of reactant, moles per unit mass of

total gas
p = total gas density, mass per unit volume
M = total gas concentration, moles per unit volume
k = kinetic rate constant
a — Arrhenius pre-exponential factor in k
E — Arrhenius activation energy
R = molar gas constant
T — absolute temperature
F$ = fraction of reactant decomposed or reacted in region

5
Fc = fraction of reactant decomposed or reacted in region

5 plus rarefaction
Region 5 = region between arrival of reflected shock and arrival

of rarefaction
Region r = region between arrival of rarefaction and achieve-

ment of effective cutoff of reaction
cp = constant-pressure specific heat of total gas mixture
Q — heat release per mole of reactant decomposed
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cr
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specific heat ratio of total gas mixture
duration of reflected shock heating
time between arrival of rarefaction and reaction

cutoff
E/RTw

= (2V - Tcr)/Tf,
-1)/7 = adiabatic heating in region 5

r5)(/y- !)/T = adiabatic cooling in region r
— self-heating in region 5

('Fc — F6)co$Q/Cp — self-heating in region r
subscript denoting conditions immediately after

reflection
subscript denoting conditions at onset of rarefaction
subscript denoting conditions at reaction cutoff

) [1 -( J) U05( P/5/P05X Pcr/P/5)1'2]

SINGLE-PULSE ("chemical") shock tube experiments,
as normally performed,1. 2 yield information on the inci-

dent shock velocity, the pressure-time profile of the gas near
the end of the tube, and the composition of the product mix-
ture. The results are most reliable when the attenuation of
the incident shock is measured, in order to compute the ve-
locity at the moment of shock reflection, and when sampling
of products is restricted to gas that was close to the end plate
during the reflected shock. One then can compute confi-
dently the conditions within this sample at the moment when
it entered the reflected shock. If species A undergoes de-
composition or other reaction in the shock, the parameters
of interest are T05) pos, POS, A^, and Mos (see Nomenclature).

The tailored-interface method1.3 is commonly used to ex-
tend the available reaction time. Recent work4 implies that
tailoring is approached best by selecting the initial tube condi-
tions for slight over-tailoring, i.e., so that if the diaphragm
burst ideally, a weak reflected shock would be produced by
the interaction of the once-reflected shock and the oncoming
contact surface. The pressure profile indicates to the ex-
perimenter whether he has achieved tailoring or not. It
also gives the reaction time in region 5 and the expansion
rate created by the arrival of the rarefaction wave.

Pressure profiles almost invariably show that p5 increases
with time. This is attributed to an increase in the thickness
of the boundary layer encountered by the reflected shock
as it moves further away from the end plate. The main
significance of this with respect to gas near the end plate is
that it will undergo essentially isentropic compression as p5
rises. The most important kinetic effect of this is that the
temperature increases.

The temperature changes further because species A de-
composes. When the decomposition is exothermic, the
temperature rises. If the decomposition rate is modest, and
dilution of A by an inert gas (usually argon) is of the order
of a hundredfold or larger, the heat release will not produce a
wave but only will tend to expand the gas. In principle, this
expansion affects the apparent reaction tune in region 5 (£5)>
but the effect is small.

Cooling rates due to the quenching rarefaction are finite,
and so the total reaction time is larger than t$. Some addi-
tional decomposition occurs in the environment of changing
temperature and density within the rarefaction. The prob-
lem is to determine the decomposition rate constant corre-
sponding to temperature TQ$. First approximations to the
kinetic order of reaction and the activation energy may be
obtained by ignoring the changing temperature in region 5
and the extra reaction in the rarefaction.

Suppose that the reaction is established to be essentially
of nth order in A and of mth order in M (M is the total gas
concentration). The rate of change of concentration of A

is given by

-dA/dt = -((MM)chem -(^/^compression (1)

Now

- (dA/dt)chem = k M™An (2)
and

- (CM/(^compression = —cdp/dt = —(A/p)dp/dt (3)

So
-d ]&A/dt = k M™An~l - d Inp/dt (4)

or

-dc/cn = k Mm pn~l dt (5)

This equation is integrated, and the resulting Arrhenius
plot of experimental rate constants is used to judge the cor-
rectness of the assumed order. Because the rate is not very
sensitive to density changes (which generally will not exceed
10%), mean values of M and p can be used. These are
defined adequately by

M = 7lf0(p//Po)1/2 (6a)
and

P = Po(p//Po)1/2 (6b)

where the subscripts refer to initial and final conditions.

The integration can be written in a general form. How-
ever, as an illustration that is kinetically significant, consider
the case for a reaction that is first-order in A. Then

— dlnc/dt = k Mm (7)

It is convenient to consider region 5 and the rarefaction
separately. For region 5, integration gives

-Inf C^} = (M6)» C" k dt (8)
\Co5/ J 0

where & is a function of T. For an exothermic reaction,

T* = Tf + ATS5 (9)
where

and
Tf* =

AT.5 =
is given by

M05(p/5/Po5)1

(10)

(11)

(12)

where P/S/POB is determined by the combination of adiabatic
compression and self -heating due to reaction :

P/5/P05 = (13)
To simplify the integration of Eq. (8), it is helpful to adopt

the (good) approximation that the temperature changes
linearly with time:

T ± 7*05(1 (14)
Then

expf — jr- J dt

(15a)

(15b)
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or, since 05 <<c 1,
•/. r-exp - (15c)

[exp(e505) - (16e)

or

&05 TP5) (16)
It is this equation that ultimately will be used for computa-
tion Of &05-

A similar approach is used in region r, the rarefaction. The
main difference is that one must define a point at which the
reaction may be said to have stopped. The approximation
is adopted that the reaction is quenched when the rate has
dropped to 5% of its value at the start of the rarefaction.
Essentially, this defines a cutoff temperature, ignoring the
minor effect of changing density. The value of Ter therefore
is given by

5 X 10~2 exp(-E/RTfb) = exp(-E/RTcr)
or

3 + n = E/RTC, (17)

The pressure profile in the rarefaction is related to the
temperature profile by the adiabatic gas law. Hence the
cutoff pressure and cutoff time can be picked from the ex-
perimental record. A mean value of M is adopted, and
linearity of temperature change with time is again assumed.
An equation similar to Eq. (15) results:

— ln(cCr/c/5) = &/5 (M

But kf$ is related to kQ5 by

(tr/erdr}[l -

and so

—ln(ccr/c/5) =

= fas exp(er05)

(Mr)m(tr/erOr) X
[1 - exp ( - €

(18)

(19)

6r) ] exp (er05) (20)

Now the final fraction of A which is undecomposed is given
by

1 - Fc = Ccr/C05 = (Ccr/C/5)(c/5/C05) = (Cer/C/sXl ~ ft) (21)

= (1 — ft) exp[—&05 Xr exp(er^)] (22)

Making use of Eq. (16), one obtains

ln(l - Fe) = [1 + (Xr/W5) exp(er 05)] ln(l - ft) (23)

Because Xr,W^er, and 05 all depend upon ft in complicated
ways, Eq. (23) is solved by trial and error. Once ft is deter-
mined, &o5 is computed using Eq. (16). When a series of k
values have been computed in this way, a least squares
analysis may give a value of E substantially different from
the one assumed. The new value then may be used to give
an improved set of k values.

In an experimental study of hydrazine decomposition using
a conventional single-pulse shock tube,5 the procedure out-
lined here was programmed for an IBM 7074 computer.
The activation energy in this example is low enough (approxi-
mately 35 kcal) and the cooling is slow enough that a sub-
stantial fraction (as much as 25%) of the total decomposition
occurs in the rarefaction. Thus the use of the corrections in
such a case is essential. To illustrate the point, Fig. 1 shows
a comparison between the set of uncorrected k values and the

0.9 1.0
I03/T , T in °K

Fig. 1. Arrhenius plot illustrating the effect of the cor-
rection procedure upon kinetic data for hydrazine de-
composition for the case ni = \, n — 1

corrected set for the assumed case, ra = |, n —' 1. The un-
corrected values are computed on the assumption that no
reaction occurs in the rarefaction, and that conditions
throughout the heating time in the reflected shock are those
computed for the initial conditions at the moment of reflection.

Modifications of single-pulse shock tubes6 may increase
quenching rates by factors of 5 to 10. Here, one may be
able to assume that the total reaction time equals £5. Even
in the usual single-pulse tube, reactions having large E
(e.g., methane decomposition) usually may be studied without
concern over reaction in the rarefaction. However, in the
application of the method to combustion reactions, which
typically have low activation energies, corrections almost
always will be required.

The computation procedure for reaction orders other than
first is entirely analogous to that just outlined. For example,
a reaction that is J-order in A and. zero-order in M will.have,
instead of Eq. (5),

-dlnc/dt = &c1/2
P

1/2 (24)

which yields

as the analog of Eq. (8). The procedure leads to an analog
of Eq. (16) given by

where F5 is defined in the Nomenclature. Similarly, the
procedure for the rarefaction leads to an analog of Eq. (22)
given by

[1/(1 - ft)]1/2 = [1/(1 - ft)]1/2 + &05 Zr exp(er05) (27)
Equations (26) and (27) combine to yield an equation for
ft which is analogous to Eq. (23):

(Zr/Yt) exp(e,0fi)] -
?5) (28)

As with Eq. (23), this equation must be solved by trial and
error because of the complexity of its dependence upon F5.
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Plane Poiseuille Flow of a Rarefied Gas

YOUNG-PING PAO* AND D. ROGER WiLLisf
Princeton University, Princeton, N. J.

CONSIDER the problem of rarefied gas flow through a
long two-dimensional channel, of length L and width d,

connecting two large reservoirs at slightly different pressures
PI and Pz'} the channel plates and the reservoirs are being
kept at the same temperature 6.

Experiments measuring the flow rate through approxi-
mately two-dimensional channels with various mean pressures
were made by a number of investigators, e.g., see Rasmussen.1
The normalized volumetric flow rate, i.e., the mass flow rate
multiplied by Rd and divided by (Pi — P2), is denoted by T.
Rasmussen observed a minimum in T7 as a function of the
mean channel pressure, which is inversely proportional to the
Knudsen number.

The existence of this minimum was demonstrated theo-
retically in a paper by Cercignani,2 who analyzed the problem
for an arbitrary Knudsen number by assuming a strictly
linear pressure gradient along the channel and using a simple
kinetic model to describe the intermolecular collisions.

In what follows, it will be shown that the knowledge of the
flow behavior in two extreme limits, i.e., the Knudsen limit
and the continuum limit, will be sufficient to establish the
existence of this minimum.

Choose the coordinates system such that x is in the direc-
tion of the flow, and the plates are given by 0 < x < L and
y = ±d/2.

The Knudsen limit and the continuum limit are char-
acterized by L/\ —* 0 (d/\ -*• 0 a fortiori) and \/d —> 0,
respectively, where X is the mean free path of the gas.

In the Knudsen limit, because of the absence of inter-
molecular collisions, it is possible and convenient to consider
only the case in which P2 = 0. This problem reduces to an
integral equation for n(x), the number of molecules striking
a unit area of a channel plate about the point x in unit time,
namely (see Ref. 3, part 1),

n(x) = Pi D- (*»
d* fl
2 Jo [(x - f)2 + (1)

where R is the gas constant and m the mass of a single mole-
cule. Equation (1.) is referred to as the Clausing equation.
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, The number of molecules which would escape into the
vacuum end of the channel per unit cross-sectional area is
given by the formula

:/,' - x]dx (2)

For the derivation of Eqs. (1) and (2), refer to DeMarcus
(Ref. 3, parts land 3).

A complete solution to Eq. (1) has not been obtained.
However, using a "squeezing" method developed by De-
Marcus, the following bounds for n(x) and QN have been
found:4

PI
-I>

PI

forxO ^ x ^ L/2, and

Pi d L+( _
QN>

X

Pi
2 X

L

A sufficient requirement for Eqs. (3) and (4) to be valid is
that L/d> 100.

Return to the original problem where P2 ^ 0, and denote
by T the quantity m-QN-R6/(Pi — P2), i.e., the normalized
volumetric flow rate per unit cross-sectional area of the
channel.

By virtue of the inequalities (4), the bounds for T are

d . L
-I |x

where subscript Kn indicates the value for Knudsen flow.
It may be worthwhile to stress that the bounds given in (5)
are exact when L/d > 100. For the derivation of inequalities
(3-5), see Ref. 4.

On the other hand, for continuum conditions, the flow rate
is known to obey the classical Poiseuille formula, namely,

T = d*Pm d d
L \ 12(2) * (6)

where Pm is the mean pressure, and the viscosity /* is given
by M = ipcX, where p, c, and X are the density, the mean
thermal speed, and the mean free path of the gas, respec-
tively. Equation (6) holds, providing that the channel is
long enough that the end effects become negligible.

Formula (6) will be assumed to be valid for d/\ > 100. It
can be seen by comparing Eq. (6) with the inequality (5)
that

T(d/\ = 100) < TKn

provided L/d > 2700.
Therefore, .with a channel having L/d > 2700 if one starts

in the Knudsen flow regime and increases the ratio d/\, T
initially varies from TKn to a lower value T(d/\ = 100)
and then increases without bound according to formula (6).
It thus becomes apparent that, for a sufficiently long chan-
nel, T must assume a minimum in the region between the
Knudsen flow and the continuum flow. In other words, this
implies the existence of a minimum in T7 as a function of the
ratio d/\.


